Abstract: In this paper, we study the unobserved vibrations of the head in hard disk drives which may lead to destruction of user data. We show that the acceleration input excites the mechanical resonance near the sampling frequency of the hold in the settling characteristics after the track-seeking control. We also show that the degree to which these oscillations are unobservable depends on the sampling frequency of the sampler. Then we define the index of unobservable position based on its RMS amplitude to estimate effect of the unobservable oscillations of mechanical resonances in the positioning control system. These phenomena are confirmed through the experiments using the actual head-positioning system of the hard disk drive. Consequently the vibrations caused by the mechanical resonances around sampling frequency are not only difficult to observe but readily excited by the control input. Therefore, the head-positioning control system must be designed such that the sampling frequency is away from mechanical resonances.
INTRODUCTION
In a head-positioning system of a hard disk drive (HDD), the controlled variable is a head-position signal, which is generated by reading special magnetic patterns embedded in the disks. The head-position signal is only available as a discrete-time signal, and the head-positioning control system is a sampled-data control system that includes a sampler and hold [Ehrlich et al. (1989) ; Mamun et al. (2007) ; Atsumi et al. (2008) ; Yamaguchi and Atsumi (2008) ]. Reading or writing user data occurs in between samples of the sampled-data control system. Therefore, intersampling vibrations of the sampled-data control system can lead to the destruction of user data. The head-positioning system must control the head-position between samples.
The head-positioning system has a lot of mechanical resonances in high frequency area for the control system. As such, the head-position may include the intersampling oscillations caused by these mechanical resonances. Mechanical vibrations have a significant effect on the settling time after a track seek requiring large power from the actuator [Numasato et al. (1999) ]. Moreover, the headpositioning system must determine the data writability from the write inhibit condition during settling. Therefore, residual vibrations caused by mechanical resonances during the settling have a large impact on the performance and reliability of the HDD.
To address these issues, we analyzed the unobservable residual vibrations caused by the mechanical resonances in the track-seeking control. We use the term unobservable oscillations to refer to the movement of a controlled position variable occurring between samples that is the result of mechanical vibrations. The degree to which an oscillation is unobservable depends on the relationship between the sampling frequency and the oscillation frequency. To study the relationship between the oscillation frequency and the sampling frequency, we have defined the index of unobservable position based on its RMS amplitude. By using this index, we can estimate effect of the unobservable oscillations caused by mechanical resonances. Moreover, this study employs the shock response spectrum (SRS) analysis that handles the transient-state characteristics of mechanical resonances [Smallwood (1981) ; Okuyama et al. (2003) ; Lalanne (2003) ]. The results of this study are confirmed through track-seeking experiments on a HDD.
HEAD-POSITIONING SYSTEM OF HDDS
A HDD consists of a voice coil motor (VCM), several magnetic heads, several disks, and a spindle motor, as shown in Fig. 1(a) . The head-positioning control system in HDDs is illustrated Fig. 1(b) . The control input is the voltage supplied to a power amplifier that drives the VCM and magnetic heads, which is calculated by a digital signal processor at specific intervals.
The solid line in Fig. 2 shows the frequency response of the mechanical system in the head-positioning system. The mathematical model of the mechanical system P m (s) is given as follows [Atsumi et al. (2005) ]:
where l is the number of modes under consideration, α p is the residue of each mode, ω p and ζ p are the natural frequency and damping ratio of the resonance, respectively, and K p is the plant gain. These parameters are determined so that the model's frequency response coincides with the measured frequency response shown by the solid line in Fig. 2 . The dashed line in Fig. 2 represents the frequency response given by this mathematical model. In this model, l is seven for a model order of fourteen. K p is 4.3×10 7 , and the values of the other parameters are listed in Table 1 .
Two-degree-of-freedom (TDOF) control systems are widely used in head-positioning control systems [Tomizuka (1987 [Tomizuka ( , 1993 ; Fujimoto et al. (2001) ; Hirata and Tomizuka (2005) ; Ohno and Horowitz (2005) ; Yang and Tomizuka (2006) ; Atsumi (2009) ]. Fig. 3 shows a block diagram of the sampled-data control system based on TDOF control. Here, S is the sampler, C(z) is the feedback controller, H is the hold for the feedback control input, H f is the hold for the acceleration feedforward control input, and P c (s) is the controlled object in continuous time. F a is the acceleration feedforward input signal in discrete time, F p is the position feedforward input signal in discrete time, u c is the control input in continuous time, y c is the controlled variable in continuous time, y d is the controlled variable in discrete time, and e is the tracking error signal in discretetime.
RESIDUAL VIBRATION ANALYSIS BASED ON SRS ANALYSIS
To analyze the residual vibration caused by the acceleration feedforward input, we used SRS analysis in this study. The basic concept of SRS analysis is illustrated in Fig. 4 . Input signal for the SRS analysis is
where u acc is acceleration signal for SRS analysis, and T srs is time width of u acc . The SRS analysis model is given by
where f srs is a specific frequency of the SRS analysis and ζ srs is the damping ratio of the SRS analysis. This model is called the relative acceleration model, and it is the suitable analysis for settling vibrations because mechanical vibrations caused by track-seeking controls depend on characteristics of relative accelerations [Okuyama et al. (2003) ]. The output signal from SRS model y srs (t) is given by the convolution
In SRS analysis, there are two kinds of responses. One is the initial shock response, which is the largest response observed during the shock, and the other is the residual shock response, which is largest response observed after the end of the shock [Lalanne (2003) ]. The magnitude of initial shock response is defined as 
and the magnitude of residual shock response is defined as g srs (f srs ) = sup t∈ [Tsrs,∞) |y srs (t)|.
When the shock is the controlled input for track-seeking, the initial shock response means the largest response during the track-seeking control, and the residual shock response means the largest response in settling vibration. The purpose of this study is analysis of the settling vibrations, and so from here on, the focus of this paper is the residual shock response shown of (6).
To investigate the effect of the hold on the sampled-data control system, we performed SRS analyses using half-sine waves that are widely employed as acceleration signals in SRS analyses. The half-sine waves are shown in Fig. 5 . The dashed line indicates the half-sine wave with a ZOH (zeroorder-hold) whose sampling time is 25 µs (the sampling frequency is 40 kHz), and the solid line indicates the continuous time signal without a ZOH. The maximum amount of the acceleration is 1 m/s 2 and the width of the T srs is 0.5 ms. To evaluate the effect of the damping ratio, two values, ζ srs =0 and ζ srs = 0.01, are used. 0 also shows the points with nearly zero magnitudes regular frequency intervals. These points depend on the period of the half-sine wave and ZOH. The SRS result with ζ srs = 0.01 shows that increasing of the damping ratio of the resonant mode can decrease the residual vibration at almost all frequencies except those near the zero magnitude frequencies of ζ srs = 0. Fig. 7 shows the comparison of the results of the SRS analysis with and without a ZOH. In this figure, ζ srs is 0. This figure indicates that the large magnitude of the SRS at the low frequencies is spread over all of the aliasing frequencies by the effect of the sampler in the ZOH. Consequently, the magnitude of the SRS around the Nyquist frequency and integer multiples are small, and the magnitude of the SRS around the sampling frequency and the integral multiplication are large.
We performed a Discrete Fourier Transform analysis of the acceleration input to examine the steady-state behavior for this input. Fig. 8 shows the comparison between results of the SRS and the results of the Fast Fourier Transform (FFT) amplitude spectrum. These results are normalized so that the maximum magnitudes become 0 dB. Fig. 8 indicates that the amplitude of the FFT result decreases as the frequency increases. This is caused by the lowpass filter effect of the ZOH on the steady-state behavior.
On the other hand, the SRS result with ζ srs = 0 shows that the ZOH does not decrease the magnitude at all for transient-state behavior as the frequency increases. 
UNOBSERVABLE OSCILLATIONS OF MECHANICAL VIBRATIONS IN A SAMPLED-DATA POSITIONING SYSTEM
In this study, we use the term unobservable oscillations to refer to the movement of a controlled position variable occurring between samples that is the result of mechanical vibrations. The degree to which an oscillation is unobservable depends on the relationship between the sampling frequency and the oscillation frequency.
Definition of unobservable magnitudes for oscillations of mechanical vibrations
Consider a oscillation caused by a mechanical resonance
where ω n and ζ are natural frequency and damping ratio of the resonance, respectively, and ω d = ω n (1 − ζ 2 ) is damped natural frequency. The discrete-time signal o d , which corresponds to the signal after sampling of o c with the sampling time τ , can be given as
where, n is the sampling number, and ∆ s is the timing of the sampling (0 ≤ ∆ s < 1). In general, a positioning control system must estimate the maximum displacement of the control variable from a finite number of samples of the position signal. For example, the head-positioning control system of a disk drive must determine the data writability by comparing a finite number of samples of the position signal against the write inhibit condition [Numasato et al. (1999) ]. Therefore, we have to consider the unobservable magnitude that is the difference between the maximum displacement of o c after a finite number of samples and the maximum displacement of o d for a finite number of samples. The unobservable magnitude m u for a finite number of samples is redefined as follows.
where
and N s is sample number on the judgment of the maximum displacement. Fig. 9 shows an example of the time response The worst-case unobservable amplitude m uw is given by m uw = sup
Fig. 10 shows m uw with τ = 25 µs and ζ = 0.005. In this figure, the dashed line indicates the result for N s =5, the dot-dash line indicates the result for N s =10, and the solid line indicates the result for N s =20. This figure shows that m uw depends on the ratio of the oscillation frequency ω t to the sampling frequency. Therefore, we have focused on the cases ω t is 40 kHz (the sampling frequency) and ω t is 20 kHz (the Nyquist frequency). Fig. 10 also shows that the sampled-data control system has the unobservable amplitude even if the oscillation frequency is below the Nyquist frequency. This fact indicates that the unobservable amplitude problem is different from the intersample ripple problem [Franklin et al. (1998) ].
Consider the sinusoid o c with ω d is at the sampling frequency 40 kHz. Fig. 11 shows the unobservable amount m u calculated from (9). Fig. 11 indicates that the minimum amount of m u is about 0.85 when the timing of the sampling ∆ s is 0, 0.5 and 1. The maximum amount of m u is about 1.7 when ∆ s is 0.25 and 0.75. Fig. 16 shows the event probability of the unobservable magnitudes. In this case, most of magnitudes are less than 30 % of the amplitude.
Index of unobservable magnitude
The worst-case unobservable magnitude and its event probability depend on the relationship between the oscillation frequency and the sampling frequency. This means, we need to define the index of unobservable magnitude that includes worst-case amount and its event probability.
For example, Fig. 10 shows the m uw on the sampling frequency is less than twice that on the Nyquist frequency. However, we can see that the risk of the degrade the performance and reliability caused by the oscillation on Therefore, we have proposed the index value of unobservable magnitude m ui , which includes the effect of the event probability, by using the RMS of m u as follows.
Fig. 17 shows m ui with τ = 25 µs and ζ = 0.005. In this figure, the dashed lines mean the result by using N s =5, the dot-dash lines mean the result by using N s =10, and the solid lines mean the result by using N s =20. We can see that the unobservable magnitude for oscillations near the sampling frequency is far larger. Therefore, the positioning control system must avoid large amplitude oscillations near the sampling frequency.
SIMULATIONS AND EXPERIMENTS OF TRACK-SEEKING CONTROL
In this section, we present the results of the study of track-seek on the residual vibration. The track-seek control system is designed by using the method in the reference paper [Atsumi (2009) ].
To evaluate the behavior during the settling time, the head-positioning system uses the TDOF control system shown in Fig. 18 . Here, I p is the interpolator that consists of a ZOH and an up-sampler [Vaidyanathan (1993) ], and S m is sampler for evaluation of discrete-time signal y d . M f is the discrete-time model that generates the position feedforward input F p from the acceleration feedforward input F a .
In this system, the sampling times of S and H are defined as τ c , the sampling times of F a and H f are τ f , and the sampling times of S m is τ m . To analyze the relationship between mechanical resonance frequency and the sampling time of the ZOH and sampler, we have used three values τ f and τ m because we can only change the sampling time of the ZOH and sampler while the mechanical resonant frequencies are fixed. The sampling time of the position feedforward input F p , M f and I p are set as τ c so that the feedback control has same performance when the sampling time of H f and ∫ m are changed.
Controlled object
The controlled object P c is assumed to be the product of the mechanical model P m and the equivalent delay-time model P dl .
The mechanical model P m is shown by (1). The equivalent delay-time model P dl , which includes the characteristics of the delay-time element, is given by [Franklin et al. (1998) ]
where T dl is the equivalent delay time. Here, τ c is 38.4 µs, and T dl is 20 µs. 
Feedback control system
In this control system, the major mechanical modes are mode 1 (rigid-body mode) and mode 2 (primary mechanical resonance), as listed in Table 1 . The feedback controller C is given by the product of the PI-lead filter C p and the notch filter C n . C p provides integral action and phase stabilizes the rigid-body mode. C n stabilizes the primary mechanical resonance by decreasing the gain at the resonances. The following C p and C n provide more than 40
• phase margin at 1 kHz and a gain margin to more than 5 dB.
C n (s) = s 2 + 515.2s + 663.6 × 10 6 s 2 + 7728s + 663.6 × 10 6 .
Here, C p is discretized using bilinear transformation, and C n is discretized using the matched pole-zero method [Franklin et al. (1998) ]. Fig. 19 shows the frequency response of C. Fig. 20 shows the frequency response of the sensitivity function (solid), and that of the complementary sensitivity function (dashed).
Feedforward control system
TDOF controls systems employing polynomials-in-time are widely used in seek controls because the controlled object is modeled as a rigid-body (double integrator) [ Mizoshita et al. (1996) ; Ohno and Horowitz (2005) ; Atsumi (2009)]. The acceleration input F a is generated with the following sampled-data polynomial, which satisfies the boundary conditions including the characteristics of the ZOH [Atsumi (2009)] .
where n is sample number, N is the target of the seek time in samples, and P t is the target of the seek span [m] .
To evaluate the relationship between the mechanical resonance frequency and the sampling frequency of ZOH, we use three acceleration inputs whose target seek spans P t are 500 tracks. For the first one, τ f (the sampling time of the ZOH H f ) is 115 µs, and N (target of seek time) is 40. For the second one, τ f is 230 µs and N is 20. For the third, τ f is 307 µs and N is 15. Fig. 21 shows the time responses of F a for the three cases: τ f = 115µs (solid), τ f = 230µs (dashed), τ f = 307µs (dash-dot).
The position feedforward input F p is generated by the reference model M f because the computational burden is lower than that for computing the polynomial for the position feedforward input. F a is the input to M f via I p , and the output signal from M f becomes F p .
M f can be calculated from the continuous-time transfer function P f by discretization with the ZOH including the delay time [Franklin et al. (1998) ]. P f is given by 
where α m is the residue of a resonant mode, and ω m and ζ m are the natural frequency and damping ratio of the resonance, respectively. The ζ m should be much larger than the damping ratio of the primary mechanical resonance to prevent the oscillation in the reference model. To calculate the position feedforward, α m , ζ m and ω m are determined so that frequency response of P f coincides with the measured frequency response of the mechanical system below 2 kHz. α m is −1.3, ω m is 2π · 3950, and ζ m is 0.3. By using the discretization of P f with the ZOH including the delay time T dl , M f is given by Fig. 22 shows the results of the SRS analysis of the acceleration input in Fig. 21 : τ f = 115µs (solid), τ f = 230µs (dashed), τ f = 307µs (dash-dot). ζ srs is 0.01 because it should be approximately the same as that of the primary mechanical resonance at 4100 Hz in Table 1 . of ZOH is about 4300 Hz. The magnitude of the SRS at 4100 Hz in the second case (τ f = 230µs) is largest because the sampling frequency of ZOH is about 4300 Hz. The magnitude of the SRS at 4100 Hz in third case (τ f = 307µs) is smaller than that of the second case even though the sampling time is longer than the second case. Fig. 23 shows that dependence of m ui on the sampling frequency, with ω n = 2π · 4100 and ζ = 0.01, for the primary mechanical resonance. In these figures, the dashed lines mean the result by using N s =5, the dotdash lines mean the result by using N s =10, and the solid lines mean the result by using N s =20. We can see that m ui are the largest when the sampling frequency is around the resonance frequency (4100 Hz), and the second largest when the sampling frequency is around half of the resonance frequency (2050 Hz). When we decide N s and the acceptable level of averaged unobservable amplitude of the mechanical resonance, we can estimate the unacceptable sampling frequency in which the amount of m ui is larger than the acceptable level of averaged unobservable amplitude.
SRS analysis

Analysis of unobservable magnitude
Simulation and experimental results
To confirm the results of Figs. 22 and 23, simulations and experiments were conducted for track-seeking control. Fig. 24 shows the simulation results of the head-positions y c , and Fig. 25 shows the experimental results of the head-positions y c . In these figures, the solid line is for τ f = 115µs, the dashed line is for τ f = 230µs, and the dash-dot line is for τ f = 307µs. These results show that the settling characteristics in simulations and experiments are similar to the SRS results. That is, the acceleration input with ZOH excites the mechanical resonance near the sampling frequency during settling, while the input does not excite the mechanical resonances near the Nyquist frequency very much. 
CONCLUSION
We have analyzed the characteristics of settling vibrations caused by the mechanical resonances above the Nyquist frequency in the track-seeking control of HDDs. The results of the Shock Response Spectrum (SRS) analysis show that the large amount of the residual vibration at the low frequencies is spread over all of the aliasing frequencies by the effect of the sampler in the ZOH without decreasing the magnitude at higher frequencies. As a result, the acceleration input with ZOH excites the mechanical resonance near the sampling frequency in settling characteristics. We also showed that the degree to which these oscillations are unobservable depends on the sampling frequency of the sampler. Then we defined the index of unobservable position based on its RMS amplitude to estimate effect of the unobservable oscillations of mechanical resonances in the positioning control system. These phenomena were confirmed through the experiments using the actual headpositioning system of the hard disk drive. Consequently the vibrations caused by the mechanical resonances around sampling frequency are not only the difficult to observe but readily excited by the control input. Therefore, the headpositioning control system must be designed such that the sampling frequency is away from mechanical resonances.
